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E-mail address: aboudi@eng.tau.ac.ilThe temperature ﬁeld generated by the sudden application of a far-ﬁeld mechanical loading of a period-
ically layered composite with an interfacial crack or with a cracked layer parallel to the interfaces is
determined. As a result of the crack’s existence, the periodicities of the structure and the thermoelastic
ﬁeld are lost. The complexity of the resulting problem is resolved by the combined application of the rep-
resentative cell method and the full (two-way) dynamic thermomechanical equations. In the former anal-
ysis, due to the loss of periodicity the dynamic thermoelastic Green’s functions are generated, in
conjunction with the double ﬁnite discrete Fourier transform. In the latter one, the transformed displace-
ments and temperature are expressed by second-order expansions and the strong-form of the elastody-
namic and energy equations together with the various interfacial and the so called Born–von Karman
boundary conditions are imposed in the average sense (in the transform domain). The results exhibit
the induced temperature ﬁeld at any point in the plane of the crack. The generated temperature ﬁelds
show the cooling and heating zones in both Mode I and Mode II deformations. In addition, the adiabatic
assumption (according to which the heat conduction is a priori ignored) is assessed by comparing the
computed temperature ﬁeld with the corresponding one based on the full thermomechanical coupling.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
The dynamic stresses of a crack embedded in a thermoelastic
material generate heat which is caused by the coupling between
the mechanical and thermal effects. Fuller et al. (1975) measured
the temperature rise at the tip of a moving crack in a brittle mate-
rial and observed signiﬁcant values depending on the speed of the
crack. Weichert and Schonert (1974, 1978) modeled the heat gen-
eration mechanism by representing the heat-production zone by a
circle and rectangle, respectively. In both cases, the predicted tem-
peratures turned out to be higher than 1000 K. Asymptotic near
crack tip temperatures for propagating cracks with full thermome-
chanical coupling expressed in terms of the corresponding stress
intensity factors, have been presented by Atkinson and Craster
(1992). A particular emphasis of the cooling effect in the vicinity
of the tip of the crack has been given by Rittel (1998). By assuming
adiabatic conditions, he obtained a temperature drop of about
32 C for both PMMA and steel. In addition, Rittel (1998) carried
out experimental investigations for the measurement of the cool-
ing effect at the tip of the crack that is embedded in a brittle mate-
rial, and observed that this effect is followed by a temperature rise.
A combined numerical-experimental treatment of the transientll rights reserved.thermoelastic effect near the tip of a cracked PMMA subjected to
a dynamic loading, has been presented by Bougaut and Rittel
(2001), where in the employed ﬁnite element numerical proce-
dure, ﬁnite conductivity has been assumed. In the framework of
this procedure, the dilatation is estimated from the solution of
the mechanical equations, after which the coupled heat equation
with the already calculated dilatational term is solved. They con-
cluded that the cooling effect prevails during crack initiation and
that adiabatic conditions can be reasonably assumed. Broberg
(1999) discussed the effect of plasticity on heat generation near
the tip of moving cracks in metals and presented an extensive list
of references to various investigations.
The analyses of dynamic fracture in composite materials is an
important subject in investigating the behavior of these materials
when they are subjected to a time-dependent loading. In particu-
lar, interfacial cracks under dynamic loading have been investi-
gated by Atkinson (1977) where both stationary and moving
cracks along the interface of dissimilar materials have been consid-
ered. Sih and Chen (1981) investigated dynamic interfacial fracture
in laminated media where cracks parallel as well as normal to the
layering have been analyzed. In addition, these authors investi-
gated the time-dependent behavior composites with cracked lay-
ers. Further references to the technologically important subject of
interfacial dynamic fracture are the investigations by Wu (1991),
Yu and Yang (1994), Huang et al. (1996), Broberg (1999), and
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investigations of the transient response of interface cracks in lay-
ered materials are given.
In a recent investigation by Aboudi and Ryvkin (2011), the dy-
namic stress ﬁeld of a stationary transverse crack in a periodically
layered composite has been determined. The method of solution
was based on two distinct approaches that are needed due to the
loss of periodicity caused by the crack’s existence. In the ﬁrst
one, the dynamic representative cell method (which was originally
formulated in the static case by Ryvkin and Nuller (1997)) has been
employed for the construction of the time-dependent Green’s func-
tions. This was performed in conjunction with the application of
the double ﬁnite discrete Fourier transform, as a result of which
the original problem for the cracked periodic composite is reduced
to the problem of a domain with a single period in the transform
space. The second approach was based on a wave propagation in
composites theory which is valid for arbitrary types of loading
(and forms a generalization of Aboudi (1987) analysis which was
restricted to certain symmetries of the wave motion). This theory
is based on the elastodynamic continuum equations where the
transformed time-dependent displacement vector is expressed by
a second-order expansion, and the equations of motion and the
various interfacial and the so called Born–von Karman boundary
conditions are imposed in the average (integral) sense. The accu-
racy of the method has been examined by comparisons with the
dynamic ﬁelds of a crack in a homogeneous media where exact
solutions are available. This approach was further generalized in
Aboudi (2011), for determining the temperature ﬁeld generated
by the dynamic stresses of stationary transverse cracks embedded
in a periodically layered medium normal to the layering. This tem-
perature ﬁeld includes both the cooling zones near the crack and
the heating ones in its surroundings.
In the present article, the analysis of Aboudi (2011) is extended
to study the temperature ﬁeld generated by the dynamic stresses
of the technologically important cases of interfacial cracks and
cracked layers in laminated composites. Here too, due to the loss
of periodicities of both the structure and the resulting thermoelas-
tic ﬁeld which are caused by the crack’s existence, the analysis is
based on the combined application of the dynamic thermoelastic
representative cell method, where the thermoelastodynamic
Green’s functions are established, and wave propagation theory
in layered thermoelastic materials where full (two-way) thermo-
mechanical coupling takes place. Cooling effects in the vicinity of
the crack’s tip and heating zones that arise in the crack’s surround-
ings are determined in a glass/epoxy composite system.
This paper is organized as follows. The dynamic coupled ther-
momechanical analysis is formulated for transversely isotropic
thermoelastic phases, and is brieﬂy presented in a compact form.
This follows by the application section where the temperatures
generated in a cracked monolithic glass and monolithic epoxy
materials are shown along the crack’s line as a reference for com-
parisons with other results. Then the temperature ﬁelds caused by
cracks along the interface of a single glass/epoxy layer and a crack
in effectively homogeneous transversely isotropic glass/epoxy
material are presented. The assumption of an adiabatic process is
assessed and the temperature generated by interfacial cracks un-
der Mode II deformation are predicted. Finally, the temperature
ﬁelds generated by either a glass or an epoxy cracked layer (paral-
lel to the interfaces) are computed. Conclusions and future gener-
alizations are discussed.2. Analysis
Consider a periodically layered thermoelastic with either an
interfacial crack, Fig. 1(a), or a cracked layer as shown inFig. 1(b). The periodically laminated material with the single crack
is subjected at time t ¼ 0 to an applied far-ﬁeld traction r22 or r23
which result in Mode I and II deformations, respectively. Each layer
is assumed to be a transversely isotropic material in which the axis
of symmetry (the axial direction) coincides with the x1-direction. It
is assumed that full (two-way) thermomechanical coupling exists.
The dynamic stresses created by the crack give rise to an induced
thermal ﬁeld which is caused by the full thermomechanical
coupling.
As has been shown by Aboudi and Ryvkin (2011) and Aboudi
(2011), the crack is represented by displacements jumps from
which the corresponding time-dependent Green’s functions can
be determined. The superposition of the applied far-ﬁeld on the
resulting dynamic ﬁeld that corresponds to these Green functions
renders a traction-free crack. Thus, in both Aboudi (2011) and
the present investigation the temperature ﬁeld is generated by
the sudden appearance of the crack in an initially stressed period-
ically layered composite. The determination of these Green’s func-
tions is obtained by the combined use of the dynamic
representative cell method and wave propagation in thermoelastic
composites theory. In accordance with the representative cell
method, the plane is viewed as an assemblage of bonded identical
cells labeled by the two indices ðK2;K3Þ where
K2 ¼ 0;1;2; . . . ;M2; K3 ¼ 0;1;2; . . . ;M3, see Fig. 1(c).
The inﬁnite plane is described with respect to global coordinates
ðx2; x3Þ. In addition, in each cell local coordinates ðx02; x03Þ are intro-
duced whose origin is located in its center, see Fig. 1(d). The ther-
moelastic ﬁeld generated by a unit displacement jump, applied
along the segment D=2 6 x03 6 D=2 at x02 ¼ 0, at time t ¼ 0 in cell
ð0;0Þ is sought. The governing equations are given as follows.
In the absence of body forces, the elastodynamic equations in
any cell ðK2;K3Þ are given by
rjk;k
 ðK2 ;K3Þ ¼ q €uj ðK2 ;K3Þ; j; k ¼ 1;2;3; K2;K3 ¼ 0;1;2; . . . ð1Þ
where rðK2 ;K3Þjk and u
ðK2 ;K3Þ
j are the stress and displacement compo-
nents, q is the mass density of the material and a dot denotes a time
differentiation. The stress components of the thermoelastic material
are given by
rjk
 ðK2 ;K3Þ ¼ Cjklm lm½ ðK2 ;K3Þ  CjkhðK2 ;K3Þ; j; k; l;m ¼ 1;2;3 ð2Þ
where Cjklm are the elements of the stiffness tensor, Cjk are the com-
ponents of the thermal stress tensor, which for a transversely iso-
tropic material the non-zero components are given by
C11 ¼ C1111aA þ C1122aT þ C1133aT  CA
C22 ¼ C1122aA þ C2222aT þ C2233aT  CT
C33 ¼ C1133aA þ C2233aT þ C3333aT  CT ð3Þ
where aA and aT are the coefﬁcients of thermal expansions in the
axial and transverse directions. In Eq. (2), ðK2 ;K3Þjk and h
ðK2 ;K3Þ are
the strain tensor components and temperature deviation from a ref-
erence temperature T0, respectively.
The energy (heat) equation for the temperature, with the cou-
pling term for the heating caused by volumetric deformation rate
is given by
qcv _hðK2 ;K3Þ ¼ ½qk;kðK2 ;K3Þ  T0Cjk _jk
 ðK2 ;K3Þ ð4Þ
where cv and qk are the speciﬁc heat and heat ﬂux k-component,
respectively. The latter is given according to Fourier’s law by
½qkðK2 ;K3Þ ¼ jkj
@h
@xj
 ðK2 ;K3Þ
ð5Þ
with jkj being the thermal conductivity tensor of the material. For a
transversely isotropic material, the non-zero components are:
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and transverse thermal conductivities.
The strains are related to the displacement gradients in the
standard form
½jkðK2 ;K3Þ ¼ 12
@uj
@xk
þ @uk
@xj
 ðK2 ;K3Þ
ð6Þ
In addition, continuity of displacements, tractions, normal heat
ﬂuxes and temperature between adjacent cells should be imposed.
Thus,
uj x02; x
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; t
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where j ¼ 1;2;3.
The applied unit displacement jump in the x02-direction at the
segment D=2 6 x03 6 D=2 at x02 ¼ 0 can be represented by the
relations
ujðx0þ2 ; x03; tÞ  ujðx02 ; x03; tÞ
 ðK2 ;K3Þ ¼ dK2 ;0dK3 ;0HvðtÞ  D2 6 x03 6 D2
ð15Þ
where dj;k and HvðtÞ are the Kronecker delta and the Heaviside step
function, respectively, and j ¼ 2 and j ¼ 3 correspond to loadings in
Mode I and II.
The inﬁnite plane can be replaced by a sufﬁciently large ﬁnite
rectangular domain with an embedded crack such that the re-
ﬂected waves from its boundaries do not affect the stress ﬁeld at
the observation region of interest. The ﬁnite domain consists of
ð2M2 þ 1Þð2M3 þ 1Þ cells such that Kp ¼ 0;1;2; . . . ;Mp with
p ¼ 2;3. The formulated problem, Eqs. (1)–(15) is reduced to a sin-
gle cell problem by the application of the shifted ﬁnite Fourier
transform:
Uj
Rjk
H
Qj
8>><
>>:
9>>=
>>;
ðx02; x03 ;/ðm2 Þ2 ;/ðm3 Þ3 ; tÞ ¼
XM2
K2¼M2
XM3
K3¼M3
uj
rjk
h
qj
8>><
>>:
9>>=
>>;
ðK2 ;K3 Þ
ðx02 ; x03; tÞ exp½iðK2/ðm2 Þ2 þ K3/ðm3 Þ3 Þ
ð16Þ
where
/ðmpÞp ¼ p
2pmp
2Mp þ 1 ; mp ¼ 0;1;2; . . . ;Mp; p ¼ 2;3
and j; k ¼ 1;2;3. As a result, one obtains a dynamic representative
cell problem for the transformed ﬁeld variables in the ﬁnite region
H=2 6 x02 6 H=2, L=2 6 x03 6 L=2. These variables are governed by
the equations that correspond to the transformation of Eqs. (1)–
(15).
In order to determine the solution of these equations, the repre-
sentative cell region H=2 6 x02 6 H=2, L=2 6 x03 6 L=2 is divided
into Nb  Nc subcells with b ¼ 1; . . . ;Nb, c ¼ 1; . . . ;Nc. In addition,
ðxðbÞ2 ; xðcÞ3 Þ are local coordinates whose origin is located at the center
of the subcell ðbcÞ, see Fig. 1(e). The transformed displacementﬁeld in subcell ðbcÞ is approximated by a second-order expansion
in the local coordinates ðxðbÞ2 ; xðcÞ3 Þ as follows:
UðbcÞ1 ¼ W ðbcÞ1ð00Þ þ xðbÞ2 W ðbcÞ1ð10Þ þ xðcÞ3 W ðbcÞ1ð01Þ
þ 1
2
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4
 !
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1
2
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4
 !
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þ 1
2
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2
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þ 1
2
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 !
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2
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4
 !
W ðbcÞ3ð02Þ ð19Þ
where the time-dependent W ðbcÞjð00Þ (j ¼ 1;2;3) are the area average
displacements in the subcell which together with the higher-order
time-dependent terms W ðbcÞjðmnÞ (mþ n > 0) must be determined.
Similarly, the transformed temperature deviation is expanded
as follows:
HðbcÞ ¼ HðbcÞð00Þ þ xðbÞ2 HðbcÞð10Þ þ xðcÞ3 HðbcÞð01Þ þ
1
2
3xðbÞ22 
h2b
4
 !
HðbcÞð20Þ
þ 1
2
3xðcÞ23 
l2c
4
 !
HðbcÞð02Þ ð20Þ
where the time-dependent HðbcÞð00Þ is the area average transformed
temperature in the subcell which together with the higher-order
time-dependent terms HðbcÞðmnÞ (mþ n > 0) must be determined.
Let the surface-average displacements, tractions, temperature
and heat ﬂuxes of subcell ðbcÞ in the transform domain be deﬁned
as follows
Uj
ð2Þ ðbcÞ
¼ 1
lc
Z lc=2
lc=2
UðbcÞj x
ðbÞ
2 ¼ 
hb
2
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 
dxðcÞ3 ð27Þ
Q3
ð3Þ ðbcÞ
¼ 1
hb
Z hb=2
hb=2
Q ðbcÞ3 x
ðcÞ
3 ¼ 
lc
2
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As has been shown in Aboudi and Ryvkin (2011) and Aboudi (2011),
the displacements microvariables W ðbcÞjðmnÞ and the temperature micr-
ovariables HðbcÞðmnÞ can be expressed in terms of the surface-average
displacements and temperature. It was also shown that the coupled
thermoelastic dynamic equations in the transform domain yield the
following expressions for the tractions and heat ﬂuxes
(a) (b)
(c)
(d)
Fig. 1. (a) A periodically layered composite with an interfacial crack, subjected at t ¼ 0 to remote stress r2j , j ¼ 2;3. (b) A periodically layered composite with a cracked layer
(parallel to the interfaces), subjected at t ¼ 0 to remote stress r2j , j ¼ 2;3. (c) The inﬁnite plane is divided by repeating cells, labeled by ðK2;K3Þ the size of every one of which
is H  L. (d) A characteristic cell ðK2;K3Þ in which local coordinates ðx02; x03Þ are introduced. This cell is discretized into Nb  Nc subcells. (e) A typical subcell ðbcÞ in which local
system of coordinates ðxðbÞ2 ; xðcÞ3 Þ is introduced the origin of which is located at the center. The size of the subcell is hb  lc .
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Elastic and thermal parameters of the isotropic glass layer.
E (GPa) m a (106/K) k (W/(m K)) q (kg/m
3) cv (J/(kg K))
72 0.2 12 0.89 2800 800
E, m, a; k and q and cv denote the Young’s modulus, Poisson’s ratio, coefﬁcient of
thermal expansion, thermal conductivity, mass density and the speciﬁc heat at
constant volume, respectively. The compressional and shear wave speed are:
cGp ¼ 5300 m/s and cGs ¼ 3200 m/s, respectively, and the thermomechanical cou-
pling coefﬁcient is d ¼ 0:0035.
Table 2
Elastic and thermal parameters of the isotropic epoxy layer.
E (GPa) m a (106/K) k (W/(m K)) q (kg/m
3) cv (J/(kg K))
3.45 0.33 54 0.18 1218 1050
E, m, a, k and q and cv denote the Young’s modulus, Poisson’s ratio, coefﬁcient of
thermal expansion, thermal conductivity, mass density and the speciﬁc heat at
constant volume, respectively. The compressional and shear wave speed are:
cEp ¼ 2060 m/s and cEs ¼ 1030 m/s, respectively. and thermomechanical coupling
coefﬁcient is d ¼ 0:014.
Fig. 2. Cracked monolithic glass and epoxy materials (2a=L ¼ 1). The induced temperature deviations along the crack’s lines at several times.
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(a)
(b)
Fig. 3. Interfacial crack (2a=L ¼ 0:5) in a periodic glass/epoxy composite. (a) The induced temperature deviations along the crack’s line at various times. (b) The distribution of
the induced temperature deviation at time cGp t=L ¼ 0:5 in the interfacial crack’s plane in the region 0:5 6 x2=H 6 0:5, 0:5 6 x3=L 6 0:5.
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(a)
(b)
Fig. 4. Interfacial crack (2a=L ¼ 1) in a periodic glass/epoxy composite. (a) The induced temperature deviations along the crack’s line at various times. (b) The distribution of
the induced temperature deviation at time cGp t=L ¼ 0:5 in the interfacial crack’s plane in the region 1 6 x2=H 6 1, 1 6 x3=L 6 1.
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Table 3
Effective properties of the periodically layered glass/
epoxy (uncracked) composite with a volume fraction of
0:5 which characterize a transversely isotropic thermo-
elastic material.
Property Value
EA 9.1 GPa
mA 0.07
ET 37.8 GPa
mT 0.21
GA 2.48 GPa
aA 52 106/K
aT 14:3 106/K
jA 0.3 W/(m K)
jT 0.53 W/(m K)
q 2009 kg/m3
qcv 1.76 MJ/(m3 K)
EA , mA , ET , mT , GA , aA , aT , jA , jT , q and qcv denote the
effective axial Young’s modulus, axial Poisson’s ratio,
transverse Young’s modulus, transverse Poisson’s ratio,
axial shear modulus, axial coefﬁcient of thermal
expansion, transverse coefﬁcient of thermal expansion,
axial thermal conductivity, transverse thermal con-
ductivity, mass density and heat capacity, respectively.
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where b ¼ 1; . . .Nb, c ¼ 1; . . . ;Nc and K1½ ðbcÞ is a 12 12 matrix
whose elements depend on the dimensions of the subcell ðbcÞ and
the properties of the material ﬁlling this subcell, L1½ ðbcÞ is a matrix
of the same dimensions whose elements depend on the dimensions
of the subcell, and SðbcÞjkðmnÞ are the components of the average stress
moments in the subcell. In addition,
ð2ÞQþ2
ð2ÞQ2
ð3ÞQþ3
ð3ÞQ3
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>>:
9>>=
>>;
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>>>:
9>>>=
>>>;
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ð3ÞH
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>>:
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>>;
ðbcÞ
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6
hb
HðbcÞð00Þ
6
hb
HðbcÞð00Þ
6
lc
HðbcÞð00Þ
6
lc
HðbcÞð00Þ
8>>>><
>>>:
9>>>>=
>>>;
ð30Þ
where hðbcÞð00Þ is governed by the differential equation
qcvð ÞðbcÞ _HðbcÞð00Þ þ 12jðbcÞT
1
h2b
þ 1
l2c
 !
HðbcÞð00Þ ¼
6jðbcÞT
h2b
ðð2ÞHþ þ ð2ÞHÞðbcÞ
þ 6j
ðbcÞ
T
l2c
ðð3ÞHþ þ ð3ÞHÞðbcÞ  T0C
ðbcÞ
T
hb
d
dt
ðð2ÞUþ2  ð2ÞU2 ÞðbcÞ
 T0C
ðbcÞ
T
lc
d
dt
ðð3ÞUþ3  ð3ÞU3 ÞðbcÞ ð31Þ
These coupled equations are employed in the implementation
of the mechanical and thermal continuity conditions at the inter-
faces between the subcells in the transform domain. In addition,
the continuity conditions (7)–(14) between the cells ðK2;K3Þ re-
duces in the transform domain to the so called Born–von Karman
conditions which must be implemented. As a result, it has been
shown in Aboudi and Ryvkin (2011) and Aboudi (2011) that a sys-
tem of ordinary differential equations in time is obtained which
can be solved by a ﬁnite difference procedure. Thus by an incre-
mental procedure in time, it is possible to establish the thermome-
chanical ﬁeld at any location in the plane and any desired time.
Once the solution in the transform domain has been established,
the actual thermo-elastodynamic ﬁeld at the relevant time can be
determined at any point of the considered region ðM2 þ 1=2ÞH
6 x2 6 ðM2 þ 1=2ÞH, ðM3 þ 1=2ÞL 6 x3 6 ðM3þ 1=2ÞL by the in-
verse transform formula:uj
rjk
h
qj
8>><
>>:
9>>=
>>;
ðK2 ;K3Þ
ðx02; x03; tÞ ¼
1
ð2M2 þ 1Þð2M3 þ 1Þ
XM2
m2¼M2
XM3
m3¼M3
Uj
Rjk
H
Qj
8>><
>>:
9>>=
>>;
ðx02; x03The present solution has been achieved by discretizing the rep-
resentative cell, Fig. 1(d), into 50 50 subcells and by employing
M2 ¼ M3 ¼ 4 cells. The 50 subcells divide the interval
L=2 6 x03 6 L=2 along the crack, whereas the 50 subcells divide
the interval H=2 6 x02 6 H=2, with H ¼ L. The number of algebraic
equations that are contributed by the elastodynamic equations is:
24NbNc ¼ 24 50 50 ¼ 60;000 whereas the energy equation
provides 8NbNc ¼ 8 50 50 ¼ 20;000 equations, thus obtaining
altogether 80;000 algebraic equations for the determination of
the unknown complex variables. Suppose for instance that the rep-
resentative cell method would not be employed, but instead a di-
rect solution of the entire fully coupled problem with the same
degrees of freedom is sought. Here, the resulting number of equa-
tions would be: ð2M2 þ 1Þð2M3 þ 1Þ32NbNc ¼ 9 9 32 50
50 ¼ 6:48 106 which is a very large number. Thus, the represen-
tative cell method signiﬁcantly reduces the number of algebraic
equations, but the system needs to be solved for every pair of
ð/2;/3Þ i.e., ð2M2 þ 1Þð2M3 þ 1Þ times.
3. Applications
The developed theory is applied herein to investigate the in-
duced temperature by the thermomechanical coupling caused by
the dynamic mechanical loading of a glass/epoxy layered compos-
ite with an interfacial, Fig. 1(a) and a cracked layer, Fig. 1(b). The
thermoelastic properties of the isotropic glass and epoxy layers
are given in Tables 1 and 2, respectively. The compressional and
shear wave speeds in the glass are denoted by cGp and c
G
s , whereas
in the epoxy they are denoted by cEp and c
E
s . The standard (non-
dimensional) thermomechanical coupling coefﬁcient of the isotro-
pic material is given by
d ¼ Eð1þ mÞa
2T0
ð1 2mÞð1 mÞqcv ð33Þ;/ðm2Þ2 ;/
ðm3Þ
3 ; tÞ exp½iðK2/ðm2Þ2 þ K3/ðm3Þ3 Þ ð32Þ
ab
Fig. 5. A crack embedded in the homogenized periodic glass/epoxy composite. The axis of symmetry of the homogenized transversely isotropic material is oriented in the x2-
direction. (a) The induced temperature deviations along the crack’s line with a crack size 2a=L ¼ 0, 5 and 1, at time cGp t=L ¼ 0:5. (b) The distribution of the induced
temperature deviation at time cGp t=L ¼ 0:5 in the crack’s plane in the region 0:5 6 x2=H 6 0:5, 0:5 6 x3=L 6 0:5. (c) The distribution of the induced temperature deviation at
time cGp t=L ¼ 0:5 in the crack’s plane in the region 1 6 x2=H 6 1, 1 6 x3=L 6 1.
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chanical coupling of the epoxy is higher, which implies that the in-
duced temperature caused by the mechanical loading should be
more signiﬁcant than that in the glass. All results given in the fol-
lowing were computed for a volume ratio of d1=ðd1 þ d2Þ ¼ 0:5. In
all cases presented in the following it is assumed that the applied
loading commences at time t ¼ 0 and rises smoothly to r22 (or
r23 for Mode II deformation) at time cGp t=L ¼ 0:5 where it retains
this value for cGp t=LP 0:5.
The results presented in the following show the induced non-
dimensional temperature deviation ~h which is given by:
~h ¼ qcvh
aT0 r22
ð34Þ
for Mode I deformation, and by
~h ¼ qcvh
aT0 r23
ð35Þfor Mode II deformation. Here, q, cv and a corresponds to the mass
density, speciﬁc heat and coefﬁcient of thermal expansion of the
glass with respect to which the normalization has been performed
in all cases reported in this investigation, and T0 ¼ 300 K. It should
be noted that the same level of discretization has been applied to
obtain the results in the following. Therefore it is possible to make
comparisons between the magnitudes of the temperature in the
various considered cases.3.1. The temperature ﬁeld induced by Mode I deformation of interfacial
cracks
For a reference, Fig. 2 shows a comparison between the varia-
tions of the induced temperature deviations ~h along the crack’s line
x2 ¼ 0 in the monolithic glass and epoxy materials with a crack
length (2a=L ¼ 1) at times: cGp t=L ¼ 0:5, 1, 1.5 and 2 (it should be
noted that the same normalization has been applied for both
materials in order to make the comparisons meaningful). One
Fig. 5 (continued)
Fig. 6. A crack embedded in the homogenized periodic glass/epoxy composite. The induced temperature deviations along the crack’s line at time cGp t=L ¼ 0:5. (a) Axis of
symmetry oriented in the x1-direction, crack size 2a=L ¼ 0;5, (b) axis of symmetry oriented in the x3-direction, crack size 2a=L ¼ 0:5, (c) axis of symmetry oriented in the x1-
direction, crack size 2a=L ¼ 1, and (d) axis of symmetry oriented in the x3-direction, crack size 2a=L ¼ 1.
3122 J. Aboudi / International Journal of Solids and Structures 49 (2012) 3113–3128can immediately observe the expected result that the induced tem-
perature by the crack’s dynamic stress are signiﬁcantly higher inthe cracked epoxy material. The resulting cooling effects at the
vicinity of the crack’s tip can be well observed in both materials.
(a)
(b)
Fig. 7. Interfacial crack (2a=L ¼ 0:5 and 1) in a periodic glass/epoxy composite. (a) Comparisons between the induced temperature deviations ~h and ~had along the crack’s line
at time cGp t=L ¼ 0:5. (b) The distribution of the induced temperature deviation ~had , based on the adiabatic assumption, at time cGp t=L ¼ 0:5 and 2a=L ¼ 1 in the crack’s plane in
the region 1 6 x2=H 6 1, 1 6 x3=L 6 1.
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the monolithic glass phase with a fracture toughness
KIc ¼ 0:6 MN/m3/2 and a crack size 2a ¼ 10 lm which determines
a far-ﬁeld of about r22 ¼ 100 MPa. Therefore, the value of a tem-perature deviation drop ~h ¼ 25 shown in Fig. 2(a) in the vicinity
of the crack’s tips corresponds to h ¼ 4 K which is quite low as
compared to the temperature drops in the epoxy as shown the
same ﬁgure.
(a)
(b)
Fig. 8. Interfacial crack under Mode II deformation of a periodic glass/epoxy laminated composite. (a) The induced temperature deviations ~h along the crack’s line of
interfacial cracks with 2a=L ¼ 0:5 and 1 at time cGp t=L ¼ 0:5. (b) The distribution of the induced temperature deviation ~h at time cGp t=L ¼ 0:5 and 2a=L ¼ 1 in the crack’s plane in
the region 1 6 x2=H 6 1, 1 6 x3=L 6 1.
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the line of an interfacial crack 2a=L ¼ 0:5 in the periodically
glass/epoxy layered composite, Fig. 1(a), at times cGp t=L ¼ 0:5, 1,
1.5 and 2. It should be noted that due to the continuity condition
that the temperature should be continuous between the constitu-
ents, its variations along the interface are the same irrespective at
which material they are recorded. In the case of the monolithic
glass or epoxy materials that were shown in Fig. 2, ~hwas monoton-
ically decreasing with increasing time. In the present case of an
interfacial crack, Fig. 3(a) shows that such a monotonicity does
not exist any more. Here too, the cooling zones in the vicinity of
the crack’s tip are well exhibited. Fig. 3(b), shows the distribution
of the induced temperature deviation at the plane of the crack in
the region 0:5 6 x2=H 6 0:5, 0:5 6 x3=L 6 0:5 at time
cGp t=L ¼ 0:5. It can be observed that there are two regions above
and below the interfacial crack. The layers below and above the
crack are occupied by the epoxy and glass materials, respectively.In the epoxy layer a signiﬁcant amount of heating can be observed,
whereas in the upper glass layer a slight temperature deviation is
obtained. The lowest cooling temperature deviation than can be
detected from Fig. 3(b) is ~h ¼ 139 which is obtained in the vicin-
ity of the crack’s tip which can be observed in Fig. 3(a).
The effect of the size of the interfacial crack on the induced tem-
perature caused by the dynamic stresses can be studied by consid-
ering again the interfacial crack in periodically glass/epoxy layered
composite, Fig. 1(a), but with 2a=L ¼ 1. Fig. 4(a) exhibits the in-
duced temperature deviations along the crack’s line at times
cGp t=L ¼ 0:5, 1, 1.5 and 2. A comparison with Fig. 3(a) reveals that
drastic differences occur in these two cases. In the present case
of a longer crack, the amount of cooling along the crack’s line
diminishes whereas the heating effects appreciably increases. A
better picture is displayed by Fig. 4(b) where the distribution of
the induced temperature deviation at time 2a=L ¼ 0:5 is shown
at the region 1 6 x2=H 6 1, 1 6 x3=L 6 1. The cooling regions
(a)
(b)
Fig. 9. A periodic glass/epoxy laminated composite with a cracked epoxy layer (2a=L ¼ 0:5 and 1). (a) The induced temperature deviations along the crack’s line at time
cGp t=L ¼ 0:5. (b) The distribution of the induced temperature deviation at time cGp t=L ¼ 0:5 in the crack’s plane (2a=L ¼ 1) in the region 1 6 x2=H 6 1, 1 6 x3=L 6 1.
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they are less appreciable in the glass layer.
In Figs. 3 and 4, the crack extends along the interface between a
single pair of glass and epoxy layer, see Fig. 1(a). It is interesting to
homogenize the uncracked periodic glass/epoxy laminate and
embed a crack in the resulting transversely isotropic homogeneous
material in which the axis of symmetry is oriented in the x2-direc-
tion. Comparisons with the resulting induced temperature devia-
tions in the homogenized material and those obtained in Figs. 3
and 4 for interfacial cracks should reveal the effect of homogeniza-
tion. The effective thermoelastic properties of the periodic glass/
epoxy medium can be determined by following Postma (1955)
exact procedure. The results are listed in Table 3. The induced tem-
perature deviations in this homogeneous material are shown in
Fig. 5(a) along the crack line at cGp t=L ¼ 0:5 for crack size of
2a=L ¼ 0:5 and 1. These graphs should be compared with the
corresponding ones shown in Figs. 3(a) and 4(a) for interfacialcracks of size 2a=L ¼ 0:5 and 1, respectively. This comparison re-
veals that the temperature deviations in the homogenized material
are somewhat lower than those induced by the interfacial cracks.
Further comparisons can be made by considering the distributions
of the induced temperatures in the crack’s plane of the homogenized
material. These distributions are shown at time cGp t=L ¼ 0:5 in
Fig. 5(b) and (c) for 2a=L ¼ 0:5 and 1, respectively. These two
latter ﬁgures should be compared with Figs. 3(b) and 4(b) of the cor-
responding interfacial cracks. It can be readily seen that the homog-
enization introduces signiﬁcant errors as compared to the actual
situation with interfacial cracks. The homogenization procedure
does not distinguish between the glass and epoxy layers and results
in hot regions that are symmetrically located above and below the
crack, which is in contradistinction with the distributions shown
in Figs. 3(b) and 4(b). In addition, the magnitudes of the tempera-
ture deviation considerably differ from the temperature spans of
Figs. 3(b) and 4(b) which are about twice of those shown in
(a)
(b)
Fig. 10. A periodic glass/epoxy laminated composite with a cracked glass layer (2a=L ¼ 0:5 and 1). (a) The induced temperature deviations along the crack’s line at time
cGp t=L ¼ 0:5. (b) The distribution of the induced temperature deviation at time cGp t=L ¼ 0:5 in the crack’s plane (2a=L ¼ 1) in the region 1 6 x2=H 6 1, 1 6 x3=L 6 1.
3126 J. Aboudi / International Journal of Solids and Structures 49 (2012) 3113–3128Figs. 5(b) and (c). Furthermore, the obtained cooling near the crack’s
tips are quite different.
The graphs in Fig. 5(a) pertain to a cracked homogeneous trans-
versely isotropic glass/epoxy material with the axis of symmetry
oriented in the x2-direction, which effectively represents the
cracked periodic medium shown in Fig. 1(a). It should be of interest
to examine the effect of axis of symmetry other orientations on the
induced temperature by the dynamic stresses of the crack
(although such cases do not represent Fig. 1(a) conﬁguration any-
more). Fig. 6 exhibits the induced temperature deviations along the
crack’s line of the transversely isotropic material (whose properties
were given by Table 3) in which the axes of symmetry are oriented
in the x1 and x3-directions and with crack sizes 2a=L ¼ 0:5 and 1. A
comparison with Fig. 5(a) shows that in these latter two orienta-
tions ~h decreases and yields similar temperature proﬁles in all
cases (which are unlike the two different proﬁles shown in
Fig. 5(a)).3.2. The temperature ﬁeld induced by Mode I deformation of interfacial
cracks assuming adiabatic conditions
It is frequently assumed that an adiabatic process takes place
such that the thermal conductivity of the material can be ne-
glected. This simplifying assumption enables the estimation of
the induced temperature by the dynamic stresses of the crack
without going into the complexity of the need to solve the two-
way thermomechanically coupled governing equations. The adia-
batic assumption implies, according to the energy Eq. (4), that
the induced temperature deviation is given by the following
expression:
had ¼  T0 CA11 þCT 22 þ 33ð Þ½ qcv ð36Þ
For isotropic phases, the normalization given by Eq. (34) takes in
this case the form
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Fig. 7(a) shows comparisons between the induced temperature
deviations along the interfacial crack’s line between the full ther-
momechanical coupling and adiabatic predictions. These compari-
sons are shown for the periodic glass/epoxy composite with
interfacial crack of size 2a=L ¼ 0:5 and 1 at time cGp t=L ¼ 0:5. The
graphs show that the predicted temperature drops and elevations
are quite different in the two situations, which renders the adia-
batic assumption unreliable. This conclusion can be also reached
by observing Fig. 7(b) which shows the distribution of ~had in the
plane of the interfacial crack whose length is 2a=L ¼ 1 at time
cGp t=L ¼ 0:5. This temperature distribution should be compared
with Fig. 4(b) where full thermomechanical coupling is assumed.
Although the two graphs appears to be quite similar, the tempera-
ture spans are different.
3.3. The temperature ﬁeld induced by Mode II deformation of
interfacial cracks
Let us consider the periodically layered glass/epoxy composite
with an interfacial crack that is subjected to the application of a
far-ﬁeld r23 which results in a Mode II deformation, see Fig. 1(a).
The induced temperature ~h by the crack’s dynamic stresses are
shown in Fig. 8(a) for crack lengths 2a=L ¼ 0:5 and 1, at time
cGp t=L ¼ 0:5. The anti-symmetric proﬁle is clearly observed with
temperature rise and drop at the vicinity of the crack’s tips.
Fig. 8(b) shows the resulting temperature distribution for a crack
size 2a=L ¼ 1 at time cGp t=L ¼ 0:5. Here too, the anti-symmetric dis-
tribution of the temperature is clearly observed. The observed anti-
symmetric proﬁles of the temperature distribution may be attrib-
uted to the anti-symmetric form that is exhibited by the induced
normal stresses that are caused by the application of a pure Mode
II deformation, see Fig. 10(b) of Aboudi and Ryvkin (2011). Due to
the presence of full thermomechanical coupling (which is domi-
nated by normal stresses), these normal stresses generate the
anti-symmetric temperature deviation proﬁles.
3.4. The temperature ﬁeld induced by Mode I deformation of cracked
layers
Thus far the induced temperatures caused by the dynamic
stresses of interfacial cracks have been investigated in various cir-
cumstances. Presently, the effect of a crack in a layer of the periodic
glass/epoxy composite, shown in Fig. 1(b), is investigated. Fig. 9(a)
exhibits the variations of the induced temperature caused by a
crack in an epoxy layer along the crack’s line are shown at time
cGp t=L ¼ 0:5 for crack’s lengths 2a=L ¼ 0:5 and 1. It is interesting
that a comparison of the plots of this ﬁgures with the correspond-
ing ones induced by interfacial cracks, Figs. 3(a) and 4(a), reveals
pronounced differences in the proﬁles and values. This can be also
observed by studying the induced temperature distribution in the
plane of the crack whose size is 2a=L ¼ 1 at time cGp t=L ¼ 0:5 shown
in Fig. 9(b). This ﬁgure does not resemble Fig. 4(b) of the interfacial
crack of the same size and time. It is interesting that the locations
of the temperature drops are not obtained ahead of the crack’s tips
but rather above and below their locations.
In the previous case, the crack was located within the epoxy
layer. Fig. 10(a) exhibits the variations of induced temperature
deviation along the line of the crack that is located this time in
the glass layer of the periodic glass/epoxy composite with
2a=L ¼ 1 and cGp t=L ¼ 0:5. As can be expected, lower values of in-
duced temperatures are obtained this time. In addition, the these
variations differ from those obtained in the cracked epoxy layer.
Fig. 10(b) shows the distribution of ~h in the plane of the crackwhose size is 2a=L ¼ 1 at cGp t=L ¼ 0:5. Here the cooling locations
ahead of the crack’s tips can be clearly observed. Just like the tem-
perature variations along the line of the crack, this distribution dif-
fers signiﬁcantly from the one shown in Fig. 9(b) for a cracked
epoxy layer.4. Conclusions
The induced temperature deviations caused by the dynamic
stresses of Mode I and II deformations of interfacial crack located
between one pair of a periodic glass/epoxy composite have been
predicted. In addition, the induced temperatures caused by a crack
embedded within an epoxy or a glass layer have been determined.
The analysis is based on the fully (two-way) coupling between the
elastodynamic and energy equations. The dynamic representative
cell method has been employed which in conjunction with the
double discrete Fourier transform, reduces the problem of a
cracked periodic composite to the problem of a domain with a sin-
gle period in the transform space. The transformed thermome-
chanically coupled equations are analyzed in this space which
results in a system of ordinary differential equations in time. Their
solution is obtained by a ﬁnite difference procedure. Once this
solution is established in the transform domain, the inverse trans-
form is applied to obtain the actual ﬁeld values.
The application of this procedure on a cracked glass/epoxy com-
posite reveals that the induced temperature by the interfacial crack
are signiﬁcant and accompanied by temperature drops and hot
spots which are of appreciable values that depend on the crack’s
size. In addition, unlike the cases of homogeneous materials with
a crack, the decay of the induced temperatures with time is not
monotonic. It was also shown that unlike the cases of a crack in
homogeneous materials, the temperature drops are not necessarily
obtained ahead of the crack’s tips. The proﬁles and distributions of
the induced temperatures obtained from the interfacial cracks are
quite different from those obtained by cracked layers. It has been
also shown that the induced temperature predictions that are
based on adiabatic assumption are not reliable. The presented
applications of cracks embedded within the layers can be extended
to investigate the effect of cracks in adhesive layers between the
constituents.
In the present investigation plasticity effects have been ignored
so that the derived coupled thermomechanical analysis is applica-
ble to brittle materials. Plasticity effects would signiﬁcantly reduce
the induced temperatures at the vicinity of the crack’s tips. A gen-
eralization to accommodate these effects is a subject for a future
research. A further generalization is the investigation of the in-
duced temperature ﬁeld caused by the dynamic stresses of pen-
ny-shaped cracks in ﬁber reinforced materials (e.g., a penny-
shaped crack normal to the interface of a cylindrical ﬁber, see Sih
and Chen (1981)). Such a generalization necessitates the extension
of the present dynamic two-dimensional thermomechanically cou-
pled analysis to a dynamic three-dimensional one which would re-
quire extensive computer time and memory resources.References
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